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DISPLACEMENTS IN AN ELASTIC HALF-PLANE*
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Abstract-Displacement boundary problems are considered for the homogeneous isotropic elastic half-plane
with random Poisson's ratio v. Probability densities, expected values and variances of the displacement field
u, v are determined and evaluated for uniform probability distribution of v. As an example the effect of a discon­
tinuity of the boundary vertical displacement Vo = vo(x, 0) is determined and used to obtain the settlement of the
earth surface under a coal excavation.

1. INTRODUCTION

THE mechanical behavior of a homogeneous, isotropic and linear--elastic solid is described
by the moduli of elasticity such as Young's modulus E, Kirchhoff's modulus G, bulk
modulus K and Poisson's ratio v. The classical methods to determine these moduli are
based on tensile or compression tests with simultaneous measurement of longitudinal and
transverse deformations. These tests provide direct determination of Young's modulus and
Poisson's ratio. From test results E, G, K and v are calculated usually as deterministic
quantities by using some kind of arithmetical mean value. In many instances this may
provide an adequate description. In other cases, however, this will not give sufficient in­
formation. Since the results are, in fact, varying randomly the elastic moduli should be
treated as random quantities.

Frequently, e.g. from rock tests, Young's modulus is obtained as a constant (or its small
variation may be neglected), whereas Poisson's ratio is a random variable varying in the
interval [0, H In this paper the influence of the randomness of v on the displacements of an
elastic half-plane under displacement boundary conditions is considered. The problem is
formulated to explain certain phenomena in geology and rock mechanics [1,3,5].

2. DISPLACEMENTS IN THE ELASTIC HALF-PLANE

The displacement field u, v in the elastic half-plane under displacement
conditions can be described in the form [1, 2J

u=~Joo {(l_~l_,YI~I) u+~l_,iy~v}e-I~IY-i~xd~,
2n -00 3-4v 3-4v

v = ~Joo {~l_iY~U+ (1 +~I_YI~I) v} e-I~IY-i~xd~
2n -00 3-4v' 3-4v' ,

boundary

(2.1 )
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where v' stands for the generalized Poisson's ratio (v' = v or v' = V/{l + v) in plane strain or
plane stress, respectively) and U, V denote the Fourier transforms of the boundary dis­
placements Uo == u(x, 0), Vo == V(X, 0),

(2.2)

Letting Ui (u, v), U i = (U, V), the displacements may be written in the form,
plain strain

plane stress

where

l+v
U i = Au +Bu -3--- == gu{v),

f '-v - I

Bu = {~I:"" (i~V -I~IU) e-I~I}'-i~x d~,

B" = {reI:"" (i~U+I~IV)e-I~I}"-i~Xd~,

(2.3)

(2.4)

(2.5)

(2.7)

(2.6)

are deterministic quantities.
Let the probability density PlY) of Poisson's ratio v be given. Then the corresponding

densities of the random displacements are obtained as [4J

p(v l )

q(uJ = Ig'(vdl '

where g(v) == guiv) represents the functions in equations (2.3), (2.4) g'(v) = dg(v)/dv, and VI'

depending on Uj, is the (real) root of Ui = g(v).
Thus, one obtains for the densities,

plane strain

plane stress

41BI (3Ui -3A-B)
q(uJ = (u

i
-A+B)2' P ~-A+B- ,

when A, B are to be read as Au, Bu' respectively., , >

The expected value (mean) m of the displacements and the variance (f~,

m == <u;) = L"x Uiq(U j ) dUb

(f2 == ({u i -m)2) I:x {uj-m)2q(ui)dUj,

(2.8)

(2.9)
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may be found directly in terms of the density p(v) of v, since

m = <g(v» = J:-:o g(v)p(v) dv,

(2.10)

Assuming now that v is uniformly distributed in the interval [a, b], a < b, °:s; a, b :s; 1.

one obtains the densities,
plane strain

{
l/(b-a) for a :s; v :s; b

p(v) =
zero elsewhere,

(2.11)

and zero elsewhere,
plane stress

(2.12)

41BI 1+a < < 1+b
q(UJ =(b_a)(u_A+B)2 forA+B3_a>ui>A+B3_b (2.13)

and zero elsewhere. The upper and lower signs correspond to B > 0, B < 0, respectively.
Expected values and variances are obtained as,

plane strain

plane stress

B 13-4bl<u) = A---ln --
, 4(b-a) 3-4a'

2 2{I 1 2 i 3- 4bI}
(lUi = B (3-4a)(3-4h) 16(b_a)2 In 3-4a

<u) = A B{l+-.4_In!3-b!},
(b-a) 3-a

2 2{I 1 2/3 - b /}
(lUi = 16B (3-a)(3-b) (b_a)2 In :3---a .

(2.14)

(2.15)

The densities as derived above provide sufficient information in many applications. For
instance, the probability that the displacement Uj will lie between two limits (I, (2, is

Pg1 :s; Uj ~ (2} f2 q(Uj) dUj' (2.16)
<,t

The inverse problem, where the probability P is prescribed and the corresponding bounds
(I, :;2 are to be determined can, in general, only be solved numerically.

In a similar manner as above the statistical properties of the stresses can be calculated.
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3. DISPLACEMENT FIELD IN THE NEIGHBORHOOD

OF A VERTICAL FAULT

Let the boundary displacements of the half-plane ly ?: 0) be

Uo = 0 for - x < x < 'n,

Vo = {- ho for x > 0,
o for x s; 0,

(3.1 )

iny = O.
This represents a boundary in the form of a vertical fault. The Fourier transforms of the

boundary displacements become [3J

U = 0, (3.2)

where b(~) is Dirac's delta function.
The displacements u, v in a neighborhood of the fault are (v is independent of x, y) from

equations (2.1), [3J,

ho iu --c ..- .••,.

- n(3-4v')x2 +i'

v = _ h {~+ ~ arctan x+,_1 . _~~L_},
o 2 n y n(3-4v') X2+y2

(3.3)

y> O.
Now let v be a random variable (independent of x, y) distributed according to

equation (2.11). After calculating the deterministic parts, equations (2.5), y > 0,

ho lB = - -~.._ ....",
U n

A,. = (
1 1 x)ho .- +- arctan - ,
2 n y B" =

ho xy

'ir' :Xl ;:?'

(3.4)

one obtains for the expected values and variances, equations (2.14), (2.15), respectively,
plane strain

(3.5)
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plane stress

hO
{ 4 13-bl·} l(u> = --; 1+(b_a)ln 3-a X2+y2'

{
I 1 x 1 [ 4 !3-bIJ x

y
}(v> = -h -+-arctan--- 1+--1n -- .--,° 2 n y n (b-a) 3-a X 2+y2

2 _ 16 h6 { 1 _1_ ln2 !3-b/} y4
(Ju - n2 (3-a)(3-b) (b-a)2 3-a (X 2+y2)2'

(J2 = 16h6{ 1 _1_ ln2 \3- bl} x
2

l
v n 2 (3-a)(3-b) (b-a)2 3-a (X2+y2)2'

(3.6)

(3.8)

Consider as an example the deformation of the earth surface due to a coal excavation,
when Poisson's ratio v is uniformly distributed in the interval [0, HAssume the excavation
of large width L w and length L to be situated at the large depth H. As a model for the
calculation of the displacements one may in this case use a half-plane under boundary
displacements equation (3.1) and assume plane strain, v' = v, [5].

Then, with a = 0, b = !, equations (3.5), yield

ho y2
(u> = In 3- -2--2 '

2n x +y

{
I 1 x In 3 xy }

(v> = -ho -2+-arctan-+-2 -2--2 '
n y n x +y

h2 4 (3.7)

(J; = 12~2(4-3In23)(x2:y2f'

h2 X 2y2
(J~ = 12~2(4-3In23)(x2+y2)2'

For comparison the displacements in this case are also calculated in the usual way,
with Poisson's ratio taken deterministically as arithmetical mean value, v = 0'25, equations(3.3),

ho y2
ud =----

2n x 2 + y2 '

Vd = -ho{~+~ arctan ~+~ --:L}.
2 n y 2n x 2 +l

Thus, the difference between expected value and deterministic mean is for the horizontal
displacement

ho y2 ho y2
(u> -Ud = (in 3-1)- --...:... 0'09861--- (3.9)

2n x2 +y2 - 2n x 2 +y2 '

corresponding to a relative error of about 10 %, i.e. the displacement u, which has to be
expected, is about 10 % larger than its "deterministic" value. This is of importance when
there is an upper bound restriction on the horizontal displacements.
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For the vertical displacements one obtains

. ho xy ho xy
(r) - ud = -(In 3-1)-- -- == -0'09861- --.

2n x2 + y2 2n x2 + l (3.10)

For x = y there is a maximum difference of about 0·01 ho. Here, in many cases the deter­
ministic calculation will give sufficient results. The last equation shows, for y = H = const,
the approximate error in the determination of the settlement surface.
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A6CTpaKT-PaCCMaTpHBaIOTCli rpaHH'IHhle 3a,l:\a'IH B nepeMeU\eHHlIx ,l:\JllI O,l:\HOPO,l:\HOH H30TponHoH
ynpyroil: nOJlynJlOCKOCTH, C npOH3BOJlhHO BhI6paHHhlM K03QJqllll.{HeHToM nyaccoHa v. Onpe,l:\eJllllOTClI 11
Ol.\eHHBaIOTCli IIJlOTHOCTH BepoliTHoCTH, OlKH,I:\aeMhle 3Ha'IeHHlI I{ 113MeHeHHlI nOJlll nepeMeU\eHI1H II, t·

,l:\JllI O,l:\HOp0,l:\HOrO pacnpe.l\eJleHHlI BepoliTlIOCTI1 v. B Ka'IeCTBe IIpl{Mepa onpe,l:\eJllleTClI 3QJQJeKT pa3phlBa
Ha rpaHHl.\e aepTHKaJlhHOrO nepeMeU\eHHlI va == vo(x, II). ,ll.am:c HCIIoJlh3yeTcli ero ,l:\JllI nOJlY'IeHl{lI OCe,l:\aHHlI
,l:\HeBHOH noaepXHOCTH no,l:\ BJlHlIHHeM Bhlpa60TKI{ yrJIli.


